ABSTRACT. Generalized inversion formulae for multiplicative integral transform with a kernel defined by characters of a locally compact zero-dimensional abelian group are obtained using a Kurzweil-Henstock type integral.
Introduction
In this paper, we consider integral transforms with kernels defined by characters of a locally compact zero-dimensional abelian group. Transforms of this kind are usually called multiplicative transforms (see [1] ).
The problem of getting an inversion formula for integral transform is a continual analogue of the one of recovering the coefficients of a convergent series with respect to characters of a compact zero-dimensional abelian group considered in [6] . So, we use those results on series to obtain the correspondent results on transforms. As in [5] and [6] , we will use here the Kurzweil-Henstock method of integration.
Our first result is a locally compact version of [6, Theorem 4.2] . The second result is a generalization of [5, Theorem 5 .1], where we are weakening the conditions on the way of convergence of the transform.
In comparison with [4] , we consider here transforms directly on the group instead of using a mapping of this group on the real line. That mapping was connected with introduction of a certain ordering in this group which can be avoided here.
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Preliminaries
Let G be a zero-dimensional locally compact abelian group which satisfies the second countability axiom. We also suppose that the group G is periodic. It is known (see [1] ) that a topology in such a group can be given by a chain of subgroups
with G = +∞ n=−∞ G n and {0} = +∞ n=−∞ G n . The subgroups G n are clopen sets with respect to this topology. As G is periodic, the factor group G n /G n+1 is finite for each n and this implies that G n (and so, also all its cosets) is compact. Note that the factor group G n /G 0 is also finite for any n < 0, and so, the factor group G/G 0 is countable. We will use the notation given in [6] , in particular, we denote by K n any coset of the subgroup G n and by K n (g) the coset of the subgroup G n which contains the element g. For each g ∈ G the sequence K n (g) is decreasing and {g} = n K n (g). Now, for each coset K n of G n , we choose and fix an element g K n for the rest of the paper. Then, for each n ∈ Z, we can represent any element g ∈ G in the form
where {g} n ∈ G n . Indeed let g ∈ K n , for some n, then g = g K n + g − g K n and we can put {g} n := g − g K n . We agree to put g G n = 0, so that g = {g} n if g ∈ G n . Let Γ denotes the dual group of G, i.e., the group of characters of the group G. It is known (see [1] ) that under the assumption imposed on G, the group Γ is also a periodic locally compact zero-dimensional abelian group (with respect to the pointwise multiplication of characters) and we can represent it as a sum of increasing sequence of subgroups
introducing a topology in Γ. Then Γ = +∞ i=−∞ Γ i and
where g, γ (0) = 1 for all g ∈ G (here and below, (g, γ) denote the value of a character γ at a point g). For each n ∈ Z the group Γ −n is the annulator of G n , i.e.,
The representation (2), the properties of a character and of the annulator imply
So, with a fixed element g K n , the value (g, γ) is constant for all g ∈ K n . The factor groups [1] ) and so they are of a finite order for each n ∈ Z. This implies that the group Γ −n /Γ 0 is also finite for any n > 0, and Γ/Γ 0 is countable.
INVERSION FORMULAE FOR THE INTEGRAL TRANSFORM ON A GROUP
Now, as we have done above for the group G, we choose and fix an element γ J ∈ J for each coset J of Γ 0 . Then, using multiplication as the group operation on the group Γ, we can represent any element γ ∈ Γ in the form:
where {γ} ∈ Γ 0 . We agree to put
, so that γ = {γ} if γ ∈ Γ 0 . We denote by μ G and μ Γ the Haar measures on the groups G and Γ, respectively, and normalize them so that μ G (G 0 ) = μ Γ (Γ 0 ) = 1. We can make these measures complete by including all the subsets of the sets of measure zero into the respective class of measurable sets.
Results related to the compact case
We remind here some definitions and results given in the papers [5] and [6] . We consider derivation basis B G constituted by the family of basis sets
where ν runs over the set of all integer-valued functions on G.
In the terminology of the derivation basis theory, any coset
This basis has all the usual properties of a general derivation basis (see [2] , [7] ). A β ν -partition is a finite collection π of elements of β ν , where the distinct elements (I , g ) and (I , g ) in
The following Kurzweil-Henstock type integral was defined in [5] :
is said to be Kurzweil-Henstock integrable with respect to basis
We denote the integral value A by (H G ) L f dμ G .
Remark 3.1º
We note that all the above definitions depend on the structure of the sequence of subgroups (1) . So, if we consider for the group Γ the definitions of the B Γ -basis and the H Γ -integral, then we should use the sequence (3) in our construction.
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Remark 3.2º
It is easy to check that H G -integral is invariant under translation given by some element g ∈ G.
We also need the following extension of Definition 3.1 to the case of functions defined only almost everywhere on L.
Ò Ø ÓÒ 3.2º A complex valued function f defined almost everywhere on a B G -interval L is said to be H G -integrable on L, with integral value A, if the function
It is clear that a complex-valued function is H G -integrable if and only if both its real and imaginary parts are H G -integrable.
If the group G is compact, as it is in [6] , the chain (1) is reduced to the one-side sequence
In this case the H G -integral is defined on the whole group G. Moreover, the group Γ of characters of the group G is discrete now (see [1] ) and can be represented as a sum of increasing chain of finite subgroups
Characters γ constitute a countable orthonormal system on G with respect to the normalized measure μ G (see [5] ) and we can consider a series
with respect to this system. The convergence of this series at a point g is defined in [6] as the convergence of its partial sums
when n tends to infinity. With the series (5) we associate a function F defined on each coset K n by
The above integral can be understood in the Lebesgue sense. F is known to be an additive function on the family of all B G -intervals.
INVERSION FORMULAE FOR THE INTEGRAL TRANSFORM ON A GROUP
The next theorem is proved in [6] .
Ì ÓÖ Ñ 3.1º Suppose that the partial sums S n (g) of a series γ∈Γ a γ γ and a H G -integrable function f satisfy the inequalities
everywhere on G except on a countable set S, where
lim inf
hold. Then the series γ∈Γ a γ γ is convergent to f a.e. and it is the H G -Fourier series of f .
Another version of the theorem on the recovering coefficients was proved in [5] :
Ì ÓÖ Ñ 3.2º Suppose that the partial sums S n (g) of a series γ∈Γ a γ γ converge almost everywhere on G to a function f and satisfy the conditions
holds. Then f is H G -integrable in the sense of Definition 3.2 and the series γ∈Γ a γ γ is the H G -Fourier series of f .
We need also the following theorem (see [5] ).
Inversion formula for transform in the locally compact case
To simplify our notation, in this section we will put K = K 0 , [g] := g K , {g}:= {g} 0 , so that representation (2) with n = 0 for any element g of some coset K of G 0 can be rewritten in the form g = [g] + {g}, where [g] is a fixed element of K and {g} ∈ G 0 . Similarly, we will sometimes use the notation Using this notation and the properties of a character γ, we can write
Now we observe that:
So {g}, {γ} = 1, and we can eliminate {g}, {γ} from representation (15) getting 
everywhere on G expect on a countable set T, where we have
Then the function a(γ) can be recovered from φ by the following inversion formula:
A particular case of the previous theorem is the following ÓÖÓÐÐ ÖÝ 4.2º With the same assumptions on G, Γ and α(γ), let 
P r o o f o f T h e o r e m 4.1 a n d T h e o r e m 4.3. We sketch the proof following the lines of the proof of a similar result given in [5] indicating the step where we use different theorems on recovering the coefficients of series.
Having fixed a coset K, suppose that g ∈ K, and let J denote any coset of Γ 0 . Then, by (16),
